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Abstract 

Starting from the CA-extended oscillator algebras, we obtain a new deformed u>oo- 
algebra. More precisely, we show that the CA-extended u^-algebra generators may be 
expressed via the annihilation and creation operators of the CA-extended oscillator alge- 
bras a and a* as an infinite-dimensional extension of the realization of sp{2) algebra. 

1 Introduction 

Over the past decade, much attention has been paid to the oscillator algebras in con- 
nection with the important role investigated in many physical systems, and they provide 
an useful tool in the theory of Lie algebra representations. On the other hand, their de- 
formations and extensions have given new mathematical objects called Quantum Groups 
or Quantum Algebras [1] which have found applications in various physical problems, 
such as the description of the fractional statistics [2] , the bosonization of supersymmetric 
quantum mechanics [3, 4] and in the n-particle integrable systems [4, 5]. Among these 
various deformations and extensions, we mention the generalized deformed oscillator al- 
gebras (GDOA's) [6] and the G-extended oscillator algebras [7] where G is some finite 
group, e.g in the case of Calogero-model C\ = Z\ is the cyclic group of order A. This 
latter, have recently proved very useful in the context of supersymmetric quantum me- 
chanics and some of its variants [7, 8], and also in the study of coherent states in nonlinear 
quantum optics [2]. 



In this paper, we recall some facts concerning the CA-extended oscillator algebras which 
were introduced as a generalization of Calogero-Vasiliev algebras [4, 9]. In the second 
section we give some of their mathematical properties, and we extend the commutation 
relation between annihilation and creation operators a and a) to any indices n and m, as 
we will see for the positive indices it is straightforward. However, for the formal negative 
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powers one consider the Bargmann representation [9], indeed in such representation the 
generators a and at are identified with differential operators acting on the Bargmann 
space. Section three is devoted to the construction of Woo-algebra generators in terms 
of the pair a and at of the C^-extended oscillator algebras, we begin by the case of the 
Virasoro generators. We enclose by a conclusion and remarks. 



2 Review on CA-extended oscillator algebras 

As a generalization of the Calogero-Vasiliev algebras, the CA-extended oscillator 
algebras (also called generalized deformed oscillator algebras (GDOA's)), denoted A x , 
A = 2, 3, are defined by 

[TV, at] = at, W,P,] = 0, 

[a, at] = / + E a M P M , atp^ = P^ +l a\ 
together with their hermitian conjugates, and 



A— 1 2itiv(N-u,) ^— 1 

u=0 [i=0 
A-1 li-l 

E &ii = 0, E olv > -1, /i = 1, A - 1. 

/i=0 i/=0 



(2) 



where E~R, N is the number operator and P^ are the projection operators on subspaces 
Fti = {\k\ — fi)\k — 0, 1, 2, ...} of the Fock space F which is portioning into A subspaces. 

The operators a and at are defined by 

a^a = F(N), aa! = F(N + 1), (3) 

A-1 ti-1 

where F(N) = N + E PuPu, Pu — E ct v , which is a fundamental concept of deformed 

fi=0 u=0 

oscillators. Let's denote the basis states of subspaces F^ by \n) = \k\ + /x) ~ (at) n |0) 
where a|0) = 0, |0) is the vacuum state. The operators a, at and N act on F^ as follows 

N\n) — n\n), a!\n) = ^F(N + l)\n + 1), a|n) = ^F(N)\n- 1). (4) 

According to these relations, a and at are the annihilation and the creation operators 
respectively. 

Particularly, if A = 2, we have two projection operators Po = \{I + ( — 1)^) and 
Pi = \{I — (— 1)^) on the even and odd subspaces of the Fock space F, and the relations 
of (1) are restricted to 

[N, at] = at, [a,a!]=I + KK, {K,rf} = 0, (5) 

with their hermitian conjugates, where K = (— 1)^ is the Klein operator and k is a real 
parameter. These relations define the so-called Calogero-Vasiliev algebra. 
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The CA-extended oscillator algebras are seeing as deformation of G-extended oscillator 
algebras, where G is some finite group, appeared in connection with n-particle integrable 
models. In the former case, G is the symmetric group S n . So, for two particles S 2 , can be 
realized in terms of K and ^-extended oscillator algebra becomes a generalized deformed 
oscillator algebra (GDOA) also known as the Calogero-Vasiliev or modified oscillator al- 
gebra. In the C^-extended oscillator algebras, G = C\ is the cyclic group of order A, 
C\ — {1, K, K x_1 }. So, these algebras have a rich structure since they depend upon A 
independent real parameters, ao, ati, ot\-i- 

Thus, these algebras can be also rewritten in terms of Klein operator, and instead of 
(1) we have 

[N, a*] = at, [N, K] = 0, K x = I, (6) 
[a, at] = /+ E^F, atK = e = % i Ka!, (7) 

r=l 

together with their hermitian conjugates, where k m e C and k* = ka- m - 

To see the equivalence between (1) and (6-7), we note that C\ has A inequivalent 
one-dimensional unitary irreducible matrix representations T M , fj, = 0,1,..., A — 1. The 
projection operator on the carrier space of can be written as 

1 A-1 1 A-1 

P M = - ^(F^K"))*^ = T E e~ 2i ^ v K v , (8) 
and a^ can be given in terms of follows 

-A 1 '2i7T /J,IS 

a M = E e^^^, /i = 0, 1, A-1. (9) 

i/=0 

The CA-extended oscillator Hamiltonian defined in the bosonic Fock space represen- 
tation as usual by 

H Q =\{a,<J}. (10) 

Owing to the relations of (6-7) the Hamiltonian can be rewritten in terms of the projection 
operators as 

H Q = N+\I+ Et/,, 7/z = I(/3 M + = E* ol v . (11) 

Its eigenstates are \n) = \k\ + (/) and their eigenvalues are given by 

E kX+ » = kX + fx + ^ + l A: = 0,1,..., /j = 0,1,..., A-1. (12) 

In each subspace F^, the spectrum of H is harmonic, but the A infinite sets of equally 
spaced energy levels, corresponding to /x = 0,1,..., A — 1, can be shifted with respect to 
each other by some amounts depending upon the parameters ao, a\, «a-i- 

In what follows, we will extend the commutation relations between at and a. First for 
the positive indices the extension is straightforward then from the following commutation 
relation between the generators at , a and K. 
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A-l 



a, a f J = / + ^ K r K r , a?K = e~ 2m/x Ka\ 

r=l 

one obtain easily after algebraic manipulation the following relations [17] 

a, (at)™] = (m+J2f r K r K r )(a^r-\ 
where the functions f r are given by 



(13) 



r=l 



fr = E^-q 1 e~^ p , r = 2,3,...,A-l, 
A = l- 



(14) 



(15) 



The negative values m < — 1 are described as monomials of a* with negative powers, 
which act as differential operators on the Bargmann representation [9]. For any order n 
of a one obtain, 



n— 1 a 

EX 

a=0 1=0 



[a™, (at)" 1 ] = £E(™ + Fx^Atatr-'-V-'- 1 



where 



and such that 



A-l 



F = E f r K r K r , x = e 

r=l 



— 2iti 



(16) 
(17) 



n( a t)m-l = n ( a t)m-n-l + ^ ( a f )m-n fl + /3 n _ 2 ( a t)^-«+ 1 a 2 + ...+ 

/3 3 (at) m - 4 a n - 3 + /? 2 (at) m - 3 a n - 2 + /^(at)"^™- 1 + ^(at)™-^". 



(18) 



Owing to the relations (13) and (14) the parameters fy, i = 0, 1,2, — k,...,n, are 
expressed by the following equalities 
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Pn = II Um-i) + Fx n ~ 

i=l v 

/5n-i = II ((m-z) + Fx n "M + E II (m-zj + Fi"-' n ( (™ - i) + Fa;^- 1 ) + 

i=l V 7 «=2 i=l V 7 i=n-( M -l) V 7 



(2(m-l)+ £ Fx-M n ((m - i) + Fx"- ! - M. 

V j'=n-2 7 i=2 V 7 



7i— re / \ n— K— i / \ / K—i \ 

Pn-k = II ( (m - i) + Fx n - 1 ) + n ((m-i) + Fx n - l )(k(m-(n-k))+ E FxA + 
i=l v 7 i=l v 7 v j=0 7 

n—2 n—a , >. r 71— / \ 

E 11 ((m-z) + Fx n ~M n ((m~i) + Fx n ' l - 1 ) + 

a=k+2 i=l V 7 L i=n-a+l) V 7 

n— k— 1 re— « / n—k , \ 

E II Um-i) + Fx n - i - 1 ) n ((m-i) + W" i - 2 ) + 

fi=n-a+l!=n-a-l i=n— u+1 

E f/(m - (n - a + 1)) + "e Fx j ) J\ Urn - i) + Fx 11 " 1 - 1 ) 

1=2 V j=a-l-l 7 i=n-a+2 V 7 - 

fc , n— 1 >. r n— fc / >. 

£U(m-l) + E Fx 3 ) U {(m-i) + Fx n - l - 1 ) + 

1=2 V j=n-2 7 L i=2) V 7 



E II (m-i) + J Fi n - w n Um-i) + Fx fl - i - 2 ) + 

H=k+1 i=2 V 7 i=ra-/u+l V 7 



((m-2) + Fx n - 3 )((£; + 2-/)(m-3)+ E Fx*) U ((m - i) + Fx 71 ' 1 -*) 

j—^Tl 5 % — 71 — k — 1 

[{k + l)(m- 1) + E Fx 3 ) n ((m-i) + Fx™- l - 2 J, fc = 2,...,n-4 



= J] Um -i) + Fx 71 -*) + IlUm-i) + Fx 71 ' 1 ) Un - 3)(m - 3) + E F^'W 

i=l V 7 i=l V 7 V j=0 7 

£(//(m-l) + E Fx 3 )({m-2) + Fx"-' 1 " 1 (n - ^ - l)(m-3) + E Fx J 

/i=2 V j=rt-j/ 7 V 7 V j=0 

2 / \ n—l / n—1 v / 

fa = J] ((m-i) + Fx n ~ l + E (^(m- 1) + E Fx J ((m-2) + Fx 

i=l V 7 u=2 V i=n-u 7 V 



r n— u— 1 



/ n— ± x 

Pi = [n(m - 1) + E Fx 3 ) 
Po =1 



3 Modified it' x -symmetry 

In this section, we introduce the new modified -Woo-symmetry using the CA-extended 
oscillator generators. Here we will adopt the approach for deformed or undeformed case 
where the elements of the u>oo-algebra uj s m are expressed in terms of the pair cv and a 
of quantum oscillator with or without deformation. Before going on, let us first restrict 
ourselves to the case of classical Virasoro algebra generated by the operators = £ rn 

3.1 Classical conformal symmetry and its representations 

For reader convenience we remind some information about the conformal symmetry 
termed also Virasoro symmetry which was first introduced in the context of string theories 
and it is relevant to any theory in (2+l)-dimensional space-time which possesses conformal 
invariance. The conformal symmetry consists of all general transformations 

z^z + e(z), z^z + e(z) (20) 

where e(z) and {e(z)) are an infinitesimal analytical (anti-analytical) functions. It can be 
represented as an infinite Laurent series 

e(z) = J2tnZ n+ \ neZ, (21) 

n 

and an analogous formula holds for e(z). 

These mapping are generated by the differential operators 

£ m = -z m+1 d z and £ m = -z m+1 d g . (22) 

The operators £ m satisfy the commutator relations 

[ £ m , 4] = (m - n)£ m+n , (23) 

and an analogous formula holds for the £ m . Hence, this means that both the £ m and the 
£ rn span an infinite-dimensional Lie algebra; moreover, these two algebras are combined 
as a direct sum, [£ m ,£ m ] = 0. The algebra defined by (23) is known as the classical 
conformal or Virasoro algebra. We shall denote that the above algebra admits a unique 
1-dimentional central extension 

C c = £ © Cc, (24) 
with the following commutation relations 

( TJV^ — TJl) 

[ £ m , c] = 0, [£ m , £ n ] = (m - n)£ rn+n + c — <W„, , (25) 

where the value of the central charge c is the parameter of the theory in the quantum 
field theory context (e.g c = 1 for the free boson). The unitary representation of the 
above algebra are well know (see e.g [10]). In what follows, we give some representations 
discussed in the literature, 
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(i) the oscillatory representation of the elements £ m 

£ m = (at) m+1 a, 

(ii) the Sugawara construction, where the generators t m are constructed in terms of 
infinite set of free boson operators (b m , tf m = b_ m , m — 1,2,...) as 

^™ = 9 • b m ~jbj :, 
where the colons indicate normal ordering, 

(iii) the infinite matrix realization 

I = V E 

*-m / j "111,111-3 ' 

where Ej-j are the infinite dimensional matrix with value 1 at the (k,j) entry and at 
all other entries [10]. 

Here we consider the simplest one which is given by oscillatory representation. In 
fact using the commutation relations of the quantum mechanics, we obtain the following 
commutator 

[a,(a r ) m ] = m(a r ) m - 1 . (26) 

From this commutator, one see easily that the Virasoro operators for the unidimensional 
harmonic oscillators can be defined by 

tm = (at) m+1 a, (27) 

which satisfy the following centerless Virasoro algebra 

[t m ,tn] = (m-n)£ m+n . (28) 



3.2 CA-deformed Virasoro algebra 

First, we recall that the deformation of the conformal algebra was first introduced by 
Curtright and Zachos [11] and investigated on many occasions by many authors [12, 13, 
14], and defined by the following g-commutation relation 

/ „m—n „n—m\ 

If f 1 — n m-np p _ n n-mp p _ W H )_p /qqN 

L <-rai ^n\q H ^m^n H ^n^m ^m+n- V J / 

Turn now to the construction of the CA-deformed Virasoro algebra. To do this, we 
will adopt the approach for undeformed case [15] where the generators £ m are constructed 
from one undeformed oscillator pair a* and a eq (27) as the infinite-dimensional extension 
of the following realization of sp(2) ~ o(2, 1) 

l_ x = a , £ = (a f )a, i x = (a f ) 2 a. (30) 
The extension to positive indices m is straightforward 
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U«) = (a f ) m+1 «, (31) 

and for the negative values (to < — 1, which makes this construction formal) the genera- 
tors £ m {n) are described by the nonanalytic dependence (monomials of a? with negative 
powers), which act as the differential operators in the Bargmann representation [9]. 

Then from the previous equations (14, 15), one gets the commutation relations for the 
generators £ m (K) and the Klein operator if [17] 

[U«), 4(«)] = (m - n)£ m+n ( K ) + g( e («+DK2-/A) _ ^W))^^) (32 ) 

r=l 

[C(«),if] = p m (A)C(«)AT, (33) 
where the functions g m (\) are given by 

27ri(m+l) 

(/ m (A) = (l-e-S— ). (34) 
From the above expression of the function g m (X), one note that the generators £ m {n) 

27ri(77T,-|- 1) 

commutes with the Klein-operator only in the case where (1 — e x = 0) that is when 
m + 1 = kX, k e Z. Note also that the ordinary Virasoro algebra is obtained for k t — > 0. 
However, when n r ^ is something new. In the case of the Calogero-Vasiliev case, A = 2 
(r = 1), the relation (14) becomes 

a, (a^) m ] = (m + (1 - (-1)™)/^ )(a t ) m - 1 , (35) 

In what follows, we investigate the possible cases of the indices m: (I) m = 2k (k e Z) 
even and (II) m = 2k + 1 odd. In (I) the above commutation relation becomes 

a, (at) 2fe ] = 2£;(a t ) 2fc -\ (36) 

and the obtained C2-Virosoro algebra is given by 

= (2k-2l)£ 2k+2l , [£ 2k ,K]=2£ 2k K. (37) 

In the case (II), we have 

a, (at) 2fc+1 ] = (2fc + 1 + 2k 1 K)(o)) 2 \ (38) 
we obtain the following algebra 

[W(«),W(«)1 = (2k-2l)£ 2k+2l+2: [£ 2k+u K]=0. (39) 

Then, the conformal algebra is not changed when the two indices (to, n) are both even 
or odd, however when one indices is even and the other is odd the obtained Virasoro 
algebra is changed, we have 

[£ 2n (K)j2m+i(^)] = 2(rn - n)£ 2m+2n+1 (K) + (1 - 2n 1 K)£ 2m+2n+1 , (40) 

[£ 2n (K),K} = 2£ 2n (K)K (41) 

M«W=0 (42) 
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3.3 CA-deformed u^- algebra 

In this section, we will extended the construction done in the previous section on ly^- 
algebra which is seeing as a generalization of Virasoro algebra. This algebra is interesting 
in the conformal field theory point of view because it contains the centerless Virasoro 
algebra as subalgebra and thus may be viewed as an extended conformal symmetry with 
an infinite set of additional symmetries. The w oo-algebra contains generators of spin 
2, 3,4, ... The defining commutation relations are 

= " l)m -(s- l)n)o££ 2 . (43) 

The generators generate a classical Virasoro subalgebra. The conformal properties of 
these generators can be viewed from the commutation relation 

[u4, u* n ] = ((i - l)m - n)J m+n . (44) 

which implies that uj^ can be regarded as the algebra Fourier modes of primary fields with 
the conform spin t. On the other hand ly^-algebra can has a natural geometric inter- 
pretation as area preserving diffeomorphisms of 2-manifolds e.g on the two-dimensional 
cylinder 1Z x S 1 with canonical coordinates x and y it can be represented by Poisson 
bracket of the smooth function uo s m = e mx y s ~ l . However, the standard central extension 
of Virasoro algebra can not extended to the full algebra w^, which should therefore be 
viewed as a classical W-algebra. The W^-algebra, which was first introduced in refs [18], 
is a deformation of which is such that the standard central term in the Virasoro 
subalgebra can be extended to the whole algebra. Woo-algebra can thus be viewed as the 
quantum version of This has been nicely illustrated in the context of W gravity. 
Denote the generators of W^-algebra of spin s by V^, where s = % + 2, and the index i 
ranges from to oo. The defining commutation relations of W^-algebra can be written 
as 

[VL V*\ = E 9%(rn, n)V^~ 21 + c, t (m)^S m+n . (45) 

The structure constant g^im^n) and the central terms q(m) are completely fixed by 
the Jacobi identities and take the following form 

Ciim) = m(m 2 - l)(m 2 - 4)...(m 2 - (i + 1) 2 )q, (46) 

where the central charges q are given by 

2 2i ~H\(i + 1)! 



1 (2i + l)!!(2i + 3)!!" 
The structure constant g^im^n) are given by 



(47) 



^ (m ' n) = 2M W(m,?l) ' (48) 
where the A^ J (m, n) are expressed as 
i+i 

N?(m, n) = J2(-l) k ([ +1 )[t + 1 + m] (J+ i_ fc) [i + 1 + m] k [j + 1 + n] k [j + 1 - n] 0+1 . k) (49) 

fe=0 
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where [x\ n = fpprr^j ■ Finally, the (p] J are given by 



jij _ \ " ( 2 )fc( 2 )fc( 2 2 2 ) fc /rnX 

0/ to k\(-i - fU-J - =±)k(i + J-1 + IW ^ 
with the notation (x) n = F p^"- > = x(x + + n — 1). 

Now, turn the realization of Woo-algebra generators in terms of the pair a} and a of the 
C A -extended oscillator algebras by extending the realization (31). To begin, let'us define 
the following operators 

< = (« f ) s « m (51) 
By using the previous tools (16-19) the commutation relations of the operators uo s m are 

where 

E< s ' m > = m(t+Fx s )$h{m-l)(t+Fx l+s )$h{m-2)(t+Fx 2+s )^ 

(53) 

and 

-(*>") = n(s+Fx l )$ ] + (n- 1 ) (s+Fx 1+t )$ ] + (n-2) (s+Fi 2+t )/?| 1 + . . .+ (s+F^- 1 '^)^, 

(54) 

where the notation /?j n ' means that each x- 7 in (5\ becomes x^ n and /?/ are given by eq 
(19). Owing to the commutation relations of (13) and the definition of u^, we obtain the 
following commutation relations between the K (Klein operator) and the generators u^. 

[<, K] = {x s+m - l)Ku° m . (55) 

We note that only in the case where s + m = A, the generators io s m commute with the 
Klein operator. 

In what follows, we will examine some particular cases obtained as limits. First, setting 
m = 1 and s — > s + 1, we recover the C^-extended Virasoro algebra (32). Second, the 
C^-extended sp{2) is generated by u>i,u>f and uj\ which satisfy 

[^^il^E^'Vi, (56) 

a,l 
a,l 

[ulu«] = Y,*TM--l (58) 



where 

,[0,1,1,1], ,-i 



E a^'Vii = E * r K r (i -x) + iK (59) 

a,l r=l 
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E^f' 1,11 * = E ^K r (l + x r )x(x - 1) - 1R 2 

a,l r=l 

,[2,1,0,1] i_j 
a,l 

a,l r=l 

with x is given by (17). The corresponding CA-extended Casimir operator is 



A-l 



E = E «r^"(i + * r )(* 2 - 1) - 2]«i, 



(60) 
(61) 

(62) 



evidently the CA-extended Casimir don't commute with all generators (53-55), for example 
[C(AW] =-i[M,a;?},a; 1 1 ] 

- A-l 



E K r K r (x 3r - (1 + x r )x - (x r + x 2r )x + l)(x - 1) 



r=l 



(63) 



A-l 



r=l 



A-l 



E K r i^ r (x r + x 2r )x - 1 1 + | E K r fST r (l + X r ) (x - 



r=l 



4 Conclusion and remarks 

In the present paper, we have found the new deformed ^oo-symmetry by adopting 
the approach for undeformed case where the elements of the ^oo-algebras <jj s m may be 
expressed via the pair a} and a of quantum oscillator. We have shown that in the Calogero- 
Vasiliev case A = 2, only in the case associated with odd and even indices the obtained 
symmetries are changed. Finally, note that in the same way one can construct the CA- 
extended oscillator algebras of the supersymmetric extension of -Woo-algebra by using the 
super-realization of CA-extended oscillator algebras. 
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